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Abstract−This paper presents a multi-level optimization strategy to obtain optimum operating conditions (four flow-
rates and cycle time) of nonlinear simulated moving bed chromatography. The multi-level optimization procedure
(MLOP) approaches systematically from initialization to optimization with two objective functions (productivity and
desorbent consumption), employing the standing wave analysis, the true moving bed (TMB) model and the simulated
moving bed (SMB) model. The procedure is constructed on a non-worse solution property advancing level by level
and its solution does not mean a global optimum. That is, the lower desorbent consumption under the higher pro-
ductivity is successively obtained on the basis of the SMB model, as the two SMB-model optimizations are repeated
by using a standard SQP (successive quadratic programming) algorithm. This approach takes advantage of the TMB
model as well as surmounts shortcomings of the TMB model in the general case of any nonlinear adsorption isotherm
using the SMB model. The MLOP is evaluated on two nonlinear SMB cases characterized by i) quasi-linear/non-
equilibrium and ii) nonlinear/nonequilibrium model. For the two cases, the MLOP yields a satisfactory solution for
high productivity and low desorbent consumption within required purities.

Key words: Simulated Moving Bed (SMB) Chromatography, Simulation and Optimization, Multi-Level Optimization Pro-
cedure (MLOP), Nonlinear Adsorption Isotherms, Productivity, Desorbent Consumption

INTRODUCTION

Simulated Moving Bed (SMB) processes have emerged as a prom-
ising technology for the separation of not only conventional com-
pounds, e.g., petro-chemicals [Kim et al., 2001] and sugar [Beste
et al., 2000; Lee, 2003], but also pharmaceuticals, e.g., chiral com-
pounds [Pais et al., 1998], and bio-chemicals, e.g., amino acids, pep-
tides and proteins [Juza et al., 2000]. SMB chromatography usu-
ally works with the inherent advantage of a high driving force, re-
sulting in less solvent consumption, smaller apparatus scale, lower
investment costs and higher yields. However, in order to fully take
advantage of this principle, a large number of operational parame-
ters (e.g., flowrates, switching time, column dimension and config-
uration) need to be adjusted properly [Klatt et al., 2002]. Since an
experimental evaluation of these operational parameters is very time
consuming and costly [Kim et al., 2001], model-based simulation
and optimization can help to effectively search optimum operation
conditions.

In SMB applications, throughput (or productivity) and desorbent
consumption are two key factors that control process cost [Wu et
al., 1999]. Practically, the operating conditions are selected to reach
the maximum productivity with the lowest elution consumption
[Mazzotti et al., 1997; Ludemann-Hombourger et al., 2002].

A four-zone linear SMB process for paclitaxel purification is op-
timized on the two key factors subject to purity and pressure drop
in terms of four flowrates and column configuration [Wu et al., 1999].
An optimization algorithm for the design of SMB processes is pres-

ented by Biressi et al. [2000], using a steady-state TMB model with
the equilibrium adsorption assumption for productivity and purity
evaluation. The column length is chosen at a maximum productiv-
ity defined as feeding mass of solute per unit time and volume of
solid phase. A bi-objective optimization approach considering both
productivity and extract purity objectives is proposed for a chiral
SMB chromatography, where constraints are raffinate purity, pres-
sure drop and the optimization variables are flow rates, switching
time and column configuration [Zhang et al., 2002 and 2003].

Proll and Kusters [1998] proposed a two-step approach includ-
ing the optimization step and the adaptation step for adsorption iso-
therm model modification. In the optimization step, a productivity
function is maximized in terms of four flowrates, feed concentra-
tions and switching time, where the equilibrium adsorption model
with a true moving bed (TMB) assumption at the steady-state is
used for productivity evaluation. The first step is repeated once after
the adsorption model verification step by experiments.

A multi-step optimization procedure is proposed in a heuristic
manner, separating the TMB model simulation from the SMB mod-
el simulation [Beste et al., 2000]. The feed flowrate and feed con-
centrations are fixed because of operation and solubility problems.
The optimization variable is desorbent, extract and raffinate flow-
rates, and the switching time. By steady-state TMB model simula-
tion, the three flowrates are decided with desired purity, yield and
productivity and then the switching time with desired dilution. The
two steps are repeated until required conditions are obtained. At
the final step, the TMB optimization results are checked with the
SMB model simulation because the SMB model is much closer to
reality.

Klatt et al. [2002] proposed a model-based optimization proce-
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dure in the case that the plant design is fixed, and the feed flowrate
and concentration are prespecified. Here, the desorbent flowrate
constitutes the only variable contribution to the process operating
cost. Thus, the desorbent flowrate is minimized in terms of the de-
sorbent, extract, recycle flowrates and the cycle time, constrained
by extract and raffinate purities and an allowable flowrate at each
section. Since the accuracy of TMB approximation can be poor at
nonlinear cases, the SMB model is recommended for more reli-
able simulation. However, the SMB optimization problem is not
well-conditioned from a numerical point of view [Klatt et al., 2002].
Four safety factors for the ratio of the net mass flowrate of the solid
and the liquid phase are considered as the optimization variables
instead of the three flowrates and the cycle time. The purity con-
straints are evaluated by the SMB model that can predict cyclic be-
haviors of the SMB operation.

In Table 1, characteristics of the six-optimization studies men-
tioned above are compared with those of this study to be described.
This study aims to identify SMB operating conditions at a mini-
mum desorbent consumption subject to a satisfactory productivity,
using a rigorous SMB model (e.g., nonlinear and nonequilibrium
adsorption SMB model) that supplements the TMB model employed
in the preliminary optimization steps. Therefore, this approach takes
advantage of the TMB model as well as surmounts shortcomings
of the TMB model in the general case of nonlinear adsorption iso-
therms.

To achieve this purpose, a multi-level optimization procedure
(MLOP) is proposed for optimization of a four-zone nonlinear SMB
chromatography. The MLOP systematically approaches from ini-
tialization to optimization and from simple models (e.g., linear iso-
therms) to complex models (e.g., nonlinear and nonequilibrium ad-

sorption models).
The remainder of the paper is organized as follows. Section 2

describes theoretical backgrounds and explains each level of the
MLOP. In section 3, two examples referred to the literature are il-
lustrated to show the evidence of robustness of this procedure. Sec-
tion 4 concludes this work.

MULTI-LEVEL OPTIMIZATION PROCEDURE
(MLOP)

When the column dimension and configuration are given for a
target mixture in the four-zone SMB, operating variables such as
desorbent (Qdes), extract (Qext), feed (Qfeed), recycle (Qrec) flowrates
and the cycle time (τ) should properly be adjusted to obtain desir-
able process performances (e.g., productivity, desorbent consump-
tion, purities and yields). Flowrates at the four zones such as zone I
(desorbent-extract), zone II (extract-feed), zone III (feed-raffinate)
and zone IV (raffinate-desorbent) are expressed:

QI=Qdes+Qrec (1a)
QII=Qdes+Qrec−Qext (1b)
QIII =Qdes+Qrec−Qext+Qfeed (1c)
QIV=Qrec (1d)

The five operating conditions are selected to reach the maximum
productivity with the lowest desorbent consumption [Ludemann-
Hombourger et al., 2002]. However, it is highly ideal to achieve
these two objectives at the same time. In other words, this optimi-
zation problem aims to obtain a utopia point [Lim et al., 1999] in
the two-objective space. In this study, we consider a min-max opti-
mization problem such that desorbent consumption (Qdes) is mini-

Table 1. Comparison of this study with other optimization procedures for SMB processes

Authors Models
Objective
functions

Variables Constraints Given data Remarks

Proll and Kusters
(1998)

-nonlinear isotherm
-equilibrium stage
-steady-state TMB

productivity Qfeed, Qext, Qrec,
Qdes, τ

purity, ∆p Lc, εb, Ki Model adaptation
algorithm is included.

Wu et al. (1999) -linear isotherm
-(non)equilibrium
-steady-state TMB

throughput
Qdes/Qfeed

column design
parameters,
Qfeed, Qdes

purity, ∆p εb, Ki, k, Dax,
Cfeed, τ

Analytically-obtained
objective functions

Biressi et al. 
(2000)

-nonlinear isotherm
-equilibrium stage
-steady-state TMB

productivity Lc, Qfeed, Qext, Qrec,
Qdes, τ

purity, ∆p εb, εp, Ki, n
*,

Cfeed

Optimization of design
and operating variables

Beste et al.
(2000)

-nonlinear isotherm
-nonequilibrium
-steady-state TMB

heuristic
iteration

Qext, Qrec, Qdes, τ purity, yield,
productivity

Lc, εb, n
*, Qfeed,

Cfeed, k, Dax

SMB model
verification

Klatt et al.
(2002)

-(non)linear isotherm
-nonequilibrium
-SMB

Qdes Qext, Qrec, Qdes,
τ (see remarks)

purity, ∆p Lc, εb, n
*, Qfeed,

Cfeed

Safety factors are used
as variables instead of
flowrates

Zhang et al.
(2003)

-nonlinear isotherm
-equilibrium stage
-SMB

purity,
productivity

Qfeed, Qext, Qrec,
Qdes, τ

purity, ∆p Lc, εb, n
*, Cfeed Multiobjective optimization

using a genetic algorithm

This study -nonlinear adsorption
-nonequilibrium
-TMB/SMB

productivity,
Qdes

Qfeed, Qext, Qrec,
Qdes, τ

purity, ∆p Lc, εb, n
*, Ki, k,

Dax, Cfeed

Multilevel optimization
using SQP algorithm
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mized within a certain range (or relaxation value) of a maximum
productivity constrained by desirable extract (a1) and raffinate (a2)
purities as well as allowable pressure drop (or flowrate of zone I,
a3). The optimization variable set (X) contains the 5 operating vari-
ables, X∈{τ, Qdes, Qext, Qfeed, Qrec}. The problem is formulated as
follows:

(2)

where ξ is the relaxation factor with the range 0<ξ≤1, and the pro-
ductivity (Pr) and purities (Puext and Puraf) are defined:

(3a)

(3b)

(4a)

(4b)

where CA, ext, CB, ext, CA, raf and CB, raf denote the average concentration
of A or B in extract or in raffinate, respectively. In Eq. (3), the num-
ber of columns (Nc), the column volume (Vc) and the bed voidage
(εb) are the physical characteristics of the column. In Eq. (3b), the
total feed concentration is defined as CT, feed=CA, feed+CB, feed. Here, A
is the less retained (or fast going) component and B is the more re-
tained (or slow going) component. Consequently, the component
A is rich in the raffinate and the component B is rich in the extract.
Note that the productivity function can be defined in many differ-
ent forms, and Eq. (3a) or (3b) is usually used in SMB optimiza-
tion problems [Wu et al., 1999; Beste et al., 2000]. Productivity and
purity are evaluated by the nonequilibrium SMB model described
as a distributed dynamic model with periodic port switching [Pais
et al., 1998; Lim and Jørgensen, 2004]:

(5a)

(5b)

(5c)

where vL is the interstitial velocity, Dax is the axial dispersion coef-
ficient and φ is the phase ratio defined as φ=(1−εb)/εb. The liquid
and solid concentrations for each component are referred to as C
and n, respectively. n* is the equilibrium concentration (adsorption
isotherm) that is normally defined as a function of liquid concen-
trations, g(C). A conventional linear driving force (LDF) model with
a lumped mass transport coefficient (k) is employed in Eq. (5b) for
the adsorption kinetic. When k becomes large, Eq. (5) is close to
the equilibrium model (∂n/∂t=∂n*/∂t). If g(C) in Eq. (5c) is expressed
as gi(C)=KiCi for each component, it is called a linear system. If
not, the chromatographic system is nonlinear. Notice that vL, Dax,
and k are zone-dependent variables or parameters. Eq. (5) is solved

with initial conditions (IC: C0 and n0) and boundary conditions (BC:
Cz=0 and Cz=Lc

):

(6)

(7)

where Cin is the inlet concentration entering to each column, which
is given as SMB operating conditions:

(8)

where the superscript i denotes the column number (or zone) and
λ1−λ4 are logical variables (0 or 1) according to the port switching.
In this paper, the nonequilibrium SMB model includes Eq. (5)-(8).
In the TMB model, Eq. (5b) is replaced by:

(9)

where vS is the solid velocity (vS=Lc/τ) in terms of the column length
(Lc) and the cycle time (τ). Therefore, the nonequilibrium TMB mod-
el [Pais et al., 1998] includes Eq. (5a), (9), (5c), and (6)-(7) without
the port switching Eq. (8). When the time derivatives in Eq. (5a)
and (9) are equal to zero, the steady-state TMB model [Proll and
Kusters, 1998; Beste et al., 2000] is obtained.

Note that the equivalence between the TMB and the SMB mod-
els is made by keeping constant the liquid velocity relative to the
solid velocity [Ma and Wang, 1997; Mazzotti et al., 1997; Pais et
al., 1998; Biressi et al., 2000]. That is, the liquid velocity in SMB
is:

(vL)SMB=(vL)TMB+vS (10)

The relationship Eq. (10) is applied only for the recycle flowrate
and flowrates of each column are sequentially influenced.

(Qrec)SMB=(Qrec)TMB+εbSvS (11)

For different column dimension and configuration, the optimization
problem Eq. (2) is repeated, where the number of columns (Nc) and
the column volume (Vc) are taken into account in Eq. (3). When
the column dimension is given, an optimum solution is found by
examining desorbent consumption and productivity optimized for
each column configuration.

It is worth noting that the desorbent consumption is minimized
within a satisfactory productivity rather than a compromise between
the two objective functions. Therefore, Eq. (2) will find a specific opti-
mum point of the multiobjective optimization results (or Pareto points,
Lim et al., 1999). If the Pareto line is convex within the two-objective
space, Eq. (2) has only one global optimum point that 

with the three constraints in Eq. (2) produces. However, if this sys-
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tem is not convex, Eq. (2) can have several local optimum points
in the multiobjective space.

Unfortunately, the min-max problem with the SMB model Eq.
(5)-(8) is not well-conditioned from a numerical point of view [Klatt
et al., 2002], because the SMB model used for productivity and purity
evaluation in Eq. (3)-(4) shows cyclic behavior of the concentra-
tions within the switching time (or cycle time), and their average
value (e.g., CB, ext or CA, raf) may be same at multiple operating con-
ditions. That is, the optimization problem can be nonconvex and
fail to converge when a gradient-based method such as SQP (suc-
cessive quadratic programming) is employed for Eq. (2). A global
optimization method such as the genetic algorithm [Zhang et al.,
2002 and 2003] can be useful for this SMB optimization problem.
However, substantial computational time is required for the global
optimization techniques. This study addresses an optimization strat-
egy to efficiently solve Eq. (2) by using a standard SQP algorithm
[Powell, 1971]. In the following section, Eq. (2) is decomposed into
two optimization problems coupled, identifying a minimum set of
optimization variables.
1. Decomposition of the Min-max Problem

Eq. (2) is equivalent to the following decomposed equations:

(12a)

(12b)

where Prmax is the resulting value of Eq. (12a) and Eq. (12b) is solved
within a relaxed value (ξ) of Prmax. Since both of the two optimiza-
tion problems are also ill-conditioned like Eq. (2), an iterative prob-
lem between the two problems is designed, decomposing the vari-
able space (X) into X1 and X2, X∈{X 1, X2}. Due to the variable
decomposition, the relaxation factor can be removed. In the first
stage, the productivity is considered as an objective function in order
to fully exploit the given process, adjusting X1. In the next stage,
the desorbent consumption is reduced, keeping the productivity max-
imized and adjusting X2.

(13a)

(13b)

Here, X1 should be defined as a minimum set of optimization vari-
ables with which the objective function and the constraints inde-
pendently change. Once X1 is obtained, let X2 be (X−X1). If Eq.
(13a) and (13b) are successfully repeated by using the two variable

spaces decomposed, it is guaranteed that the final solution obtained
after a stop-criterion yields a minimum desorbent flowrate at the
higher productivity. If not, Eq. (13) remains ill-conditioned like the
original problem Eq. (2). Thus, a global optimization technique might
be needed.

To have an idea for the variable space decomposition, the stand-
ing wave analysis proposed by Ma and Wang [1997] for binary sys-
tems with linear isotherms and nonequilibrium adsorption is intro-
duced, where the interstitial velocity at each zone is derived analyt-
ically under the assumption that solid particles move continuously
and the mass transfer mechanism is controlled by liquid-film resis-
tance and pore diffusion. The analytic equations for the SMB inter-
stitial velocity (uI, uII, uIII and uIV) of each zone are found in terms of
column dimension, cycle time, purity and feed ratio [Ma and Wang,
1997; Wu et al., 1999; Xie et al., 2000]:

(14a)

(14b)

(14c)

(14d)

where S is the cross-section area of the column, εp is the pore void-
age, γfeed is defined as the feed concentration ratio of B to A (γfeed=
CB, feed/CA, feed), the column length of each zone is referred to as LI−
LIV and the overall mass transfer coefficient (k) is given at each zone
for each component. KA and KB are the equilibrium constants (or
linear adsorption isotherms) of A and B, respectively. Note that the
values based on per-particle volume are different from those of the
original definition (see Ma and Wang, 1997) and Eq. (5c) is expressed
as follows:

(15a)
(15b)

The third term of the right hand side in Eq. (14) is neglected in an
equilibrium case (kç∞).

Eq. (14) means that the two purities (Puext and Puraf) can be spec-
ified by a flowrate and the cycle time (τ) on a given column dimen-
sion and configuration for linear nonequilibrium TMB systems. That
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is, the following relationship is able to be obtained from Eq. (14b)
and (14c):

Puext=f(τ, QII) (16a)
Puraf=f(τ, QIII) (16b)

As QII can QIII independently vary adjusting Qext and Qfeed, respec-
tively [see Eq. (1b) and (1c)], even keeping constant the other two
flowrates (Qrec and Qdes) and the cycle time (τ), a minimum set of
independent variables for the purity constraints in Eq. (13a) is:

Puext=f(Qext) (17a)
Puraf=f(Qfeed) (17b)

A minimum set of variables for the pressure drop constraint is ob-
tained in a straightforward manner [see Eq. (13)]:

∆p=f(Qrec) or f(Qdes) (18)

The above equation means that the pressure drop constraint can be
satisfied by adjusting only one of the two flowrates (Qrec and Qdes).

The objective function Eq. (3a) is considered as a sum of two
individual objectives. The first term of the right hand side in Eq.
(3a) is changeable with Qext and the second term is with Qraf which
is derived from Eq. (1):

Qraf ≡Qdes−Qext+Qfeed (19)

Thus, the second term in Eq. (3a) will be a function of Qdes or Qfeed

as a minimum set of variables independent of the first term. Thus,
the objective function Eq. (3a) can vary with two variables at least:

Pr=f(Qext, Qdes) or f(Qext, Qfeed) (20a)

The other productivity function Eq. (3b) is the function of Qfeed:

Pr=f(Qfeed) (20b)

From Eqs. (17), (18) and (20), Eq. (13a) can be treated with the two
possible variable sets,

X1={Qext, Qfeed, Qrec} or {Qext, Qfeed, Qdes} (21)

The three variables are the minimum variables necessary, but not
sufficient, to solve the optimization problem Eq. (13a). The first
combination in Eq. (21), X1={Qext, Qfeed, Qrec}, is selected by reason
that the subsequent optimization problem Eq. (13b) is directly re-
lated to Qdes. In fact, the desorbent spent can be reduced by adjust-
ing the cycle time, without a loss in purity [Beste et al., 2000; Klatt
et al., 2002]. As a result, the variable space decomposed for Eq.
(13) is given as:

X1={Qext, Qfeed, Qrec} (22a)
X2={τ, Qdes} (22b)

Since the variable analysis is based on linear isotherms and true mov-
ing bed (TMB) assumption, it is not clear that this approach is use-
ful for (non)linear SMB systems. However, the decomposed prob-

Fig. 1. MLOP (multi-level optimization procedure) schema for SMB processes.
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lems are in most cases well-conditioned, as will be shown in numeri-
cal studies.

The optimization problem using an SQP algorithm will become
prohibitive, as the number of iterations increases. To reduce itera-
tion and ensure convergence in the SMB optimization levels, a pre-
conditioning is performed by using the TMB model that is useful
to predict the SMB performance [Pais et al., 1998].
2. Four Levels from Initialization to Optimization

The preconditioning includes two levels: a rough initialization level
and the TMB optimization level for maximum productivity with
all the five variables (i.e., cycle time and four flowrates). Notice
that the TMB optimization problem is normally easier to solve by
using an SQP algorithm than the SMB optimization problem. The
preconditioning from the TMB model optimization in the second
level is expected to accelerate convergence in the SMB optimiza-
tions.

Fig. 1 shows complete four levels including the initialization level,
the TMB optimization level and the two SMB optimization levels.
The standing wave analysis [Ma and Wang, 1997] derived in the
case of linear isotherms [see Eq. (14)] is employed in the initializa-
tion level, providing linear equilibrium constants assumed. The ini-
tial operating conditions analytically obtained from the first level
are shown to be good starting points for the following TMB (true
moving bed) optimization level, but the solution quality of the first
level becomes worse as nonlinearity of the system considered in-
creases. In the second level, productivity is maximized by adjust-
ing the five operating variables, using the TMB model including
nonlinear isotherms, nonequilibrium adsorption kinetics and counter-
current liquid/solid convections.

Additional fine-tuning is required for the operating conditions
resulting from the TMB optimization, because purity constraints
are not satisfied any longer in the SMB model simulation (i.e., port
switching instead of solid movement) that is more realistic than the
TMB model simulation [Beste et al., 2000]. Since an optimization
based on the SMB model with the five operating variables often
fails to converge (or produces local optima unsatisfactory) with the
SQP algorithm, the five variables are decomposed into two vari-
able spaces in the next two SMB optimization levels, as mentioned
above.

In the third level, productivity is again optimized by adjusting
three flowrates within satisfactory purities, starting at the optimum
points of the second level. The two remaining variables (desorbent
flowrate and cycle time) are used in the fourth level to minimize
the desorbent consumption. The two variable spaces are carefully
selected on the basis of the analytic equations from the standing
wave analysis [Ma and Wang, 1997], as mentioned earlier. Even
though iteration between the two SMB optimization levels is basi-
cally needed with an iteration tolerance, a satisfactory solution can
be obtained without iteration or with a couple of iterations due to
the TMB optimization level preceded.

Level 1: The first level is to find initial starting points using linear
and (non)equilibrium models with a specified column design and
purity. The standing wave analysis in Eq. (14) gives an initial value
of the four flowrates under the assumption of linear adsorption iso-
therms. That is, equilibrium constants (Ki=dni

*/dCi) are provided
roughly even in nonlinear cases. An analytical solution is quickly

obtained from Eq. (14), but its quality is limited in the nonlinear
cases, as will be shown in Table 3 and 5.

The solid velocity (vS) should be decided between the liquid ve-
locity of a slow-going component (B) and that of a fast-going com-
ponent (A) for separation [Ma and Wang, 1997] in zone III (i.e.,
interval between feed-raffinate). Assuming equilibrium adsorption
and linear isotherms, the switching time (τ) is analytically obtained:

τA<τ<τB (23)

where τA and τB are the time required to path the one column length
for A and B components, respectively:

(24a)

(24b)

Since the interstitial velocity in the zone III (uIII) is defined as Eq.
(1c), all of the four flowrates are required to know τA and τB. When
the rough range of the four flowrates is known, the rough range of
the switching time can be identified. Furthermore, the following
condition should be satisfied in Eq. (14):

QIII ≥QII (25)

Assuming that LII=LIII=L, Dax, A=Dax, B≈=0, Puext=Puraf=Pu, γfeed=1
and kII, A=kIII , B=k in Eq. (14b) and (14c), the condition Eq. (23) is
expressed for the cycle time (τ):

(26)

The above equation implies that there is a minimum cycle time at
the given purity constraint and a large cycle time (τ) is obliged in
some cases where the mass transfer rate (k) is small, e.g., when large
particles are used as adsorbent in preparative chromatography. Since
the initialization level plays an important role in solving next TMB
optimization level, other techniques (e.g., the triangle theory, Maz-
zotti et al., 1997) or expert experiences can be taken into account
instead of the standing wave analysis.

Level 2: The second level is to maximize productivity by using
the nonlinear/nonequilibrium TMB model for the four flowrates
(desorbent, extract, feed and recycle) and the cycle time. The prob-
lem can be formulated under the same constraints as in Eq. (12a):

(27)

When Eq. (3a) is used as the productivity objective function, the
average concentrations of extract (Cext,B) and raffinate (Craf, A) are
obtained from the TMB model Eq. (5a), (9), (5c) and (6)-(7) dur-
ing the cycle time corresponding to the final shifting in the SMB
operation.

Even though the SMB operating variables (i.e., flowrates and
cycle time) can be optimized by using the TMB approach, the qual-
ity of the prediction of the TMB model is limited due to cyclic be-
haviors in the SMB operation [Strube et al., 1997]. It is therefore
necessary to perform optimization based on the SMB model, as men-
tioned earlier.

τA = 
Lc

uIII

------ 1+ φKA( )

τB = 
Lc

uIII

------ 1+ φKB( )

τ
− 1 Pu − 1⁄( )ln Lc

kL
-------------------------------------- KA

2 εp+ 1− εp( )KA( )+ KB
2 εp+ 1− εp( )KB( )⁄⁄( )

KB− KA( )
-------------------------------------------------------------------------------------------------≥

Pr X = Qdes Qext Qfeed Qrec, , ,,  and τ
X

limMax
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Level 3: Purity is in general deteriorated in the SMB model sol-
ution, compared with the TMB model solution. Thus, purity con-
straints in Eq. (13a) will not be satisfied at the initial values obtained
from the level 2. Using the nonlinear/nonequilibrium SMB model
in the third level, productivity is again optimized for only three flow-
rates (extract, feed and recycle).

(28)

In employing Eq. (3a) for the productivity function, the average
concentrations of extract (Cext, B) and raffinate (Craf, A) are obtained
from the SMB model simulation during one cycle time at the final
shifting. The third level focuses on making the purity constraints
satisfied in the SMB approach by adjusting the minimum set of the
optimization variables (i.e., three flowrates).

Level 4: The final level is to minimize desorbent consumption
constrained by the maximum productivity obtained from the third
level, adjusting desorbent flowrate and the cycle time. The other
three operating variables remain constant. Two optimization prob-
lems are formulated according to the productivity functions Eq. (3a)
and (3b):

(29a)

(29b)

In Eq. (29b), the productivity remains constant, because Qfeed is fixed
[see Eq. (3b)]. The maximum flowrate constraint is automatically
satisfied in the two optimization problems, because Qrec is fixed and
Qdes is minimized. The optimization problem starts at the resulting
points in the third level. When Qdes decreases under the same Qext,
Qfeed and Qrec, QI, QII, QIII and Qraf also decrease [see Eq. (1) and (19)].
According to the triangle theory [Mazzotti et al., 1997], zones II
and III of the TMB unit play a key role in performing the separa-
tion, and separation performance (e.g., purity) can be fixed at a given
zone velocity ratio to the solid velocity in the two zones (uII/vS and
uIII/vS). To keep the same zone velocity ratio to the solid velocity
(i.e., to obtain the same purity or the higher purity) by decreasing
uII and uIII, it is evident that τ should be increased. As will be shown
in the case studies, the desorbent consumption is reduced increas-
ing the cycle time (τ).

If the difference of the cycle times is larger than a certain toler-
ance, the third and/or fourth levels are repeated. To our experience,
the TMB optimization problem in level 2 converges better than the
SMB optimization problem. In order to accelerate convergence and
to treat two objective functions, the original SMB optimization prob-
lem, Eq. (2), is decomposed into the two SMB optimization prob-
lems in this MLOP. However, it may be a hard computational task
to repeat the decomposed optimization problem with a severe cycle
time tolerance (ε). Thus, a large tolerance about the cycle time (|τnew−
τold|/τold≤ε) in the MLOP will help to avoid excessive iterations and
eventual failure of convergence during the iterations. In our numer-
ical studies to be presented, 10% tolerance (ε=0.1) is applied and
only 1-2 iterations are needed.

Remarks: i) The present MLOP using the SQP optimizer pro-
vides local optima rather than global optima, that is, other local op-
timum points can be found at other starting points. However, if level
3 and level 4 are successfully repeated, it is assured that desorbent
consumption in level 3 is reduced on the same or a higher produc-

Pr X1 = Qext Qfeed,,  and Qrec
X1

limMax

Qdes X2 = Qdes,  and τ
X2

limMin

s.t. Prext Prext
max≥

Prraf Prraf
max≥

Pu( )ext a1≥
Pu( )raf a2≥
Qrec + Qdes( ) a3≤
Qdes X2 = Qdes,  and τ

X2

limMin

s.t. Pu( )ext a1≥
Pu( )raf a2≥
Qrec + Qdes( ) a3≤

Table 2. Operating conditions and simulation parameters for the sugar SMB process[1]

Zone I Zone II Zone III Zone IV

Q (ml/min) 15.88 11.0 12.67 9.1
vL (cm/min) 7.22 5.0 5.76 4.14
Dax (cm2/min) 0.153vL 0.153vL 0.153vL 0.153vL
k (min−1) 0.9 (A), 0.72 (B) 0.9 (A), 0.72 (B) 0.9 (A), 0.72 (B) 0.9 (A), 0.72 (B)
Pe 340 340 340 340
St 6.5 (A), 5.2 (B) 9.4 (B), 7.5 (A) 8.1 (A), 6.5 (B) 11.3 (A), 9.1 (B)

Column information Length (Lc, m) ID (m) Bed voidage (εb) Pore voidage (εp) Number of columns
52.07 2.6 0.41448 0.5 8 (2-2-2-2)

Inlet concentration Feed concentration (g/l) Desorbent concentration (g/l)
322 (A) 363 (B) 0 (A) 0 (B)

Adsorption isotherm Glucose (A) Fructose (B)
K i n*

Glu=0.32⋅CGlu+0.0004570⋅CFru⋅CGlu n*
Fru=0.675⋅CFru

KA=0.32 KB=0.675

Simulation parameters N. shiftings (Nshift) CFL number (ν) Shifting time (τ, min) N. mesh points (Nm) N. time steps (Nt)
44 0.6 16.39 41 150

Constraints Qmax=30 ml/min PuA
min=97.0% PuB

min=97.0%
[1]All of the design/operation/model parameters are referred to Beste et al. [2000].
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tivity in level 4 (see Tables 3 and 5). That is, the MLOP is con-
structed on a non-worse solution property advancing level by level.
ii) When the column dimension and configuration are changed (i.e.,
for different design parameters), only level 1 and level 2 are repeated
rather than the whole levels, because it is considered that the TMB
optimization can give a sufficient resolution for design parameter
screening. iii) Since there are three optimization steps in the MLOP,
it is desirable to use a computationally-efficient solution method for
solving the unsteady-state TMB and SMB models described by time-
space partial differential equations. iv) A steady-state TMB model
will be useful in the second level to reduce the computational time.

NUMERICAL EVALUATION OF MLOP

To evaluate the MLOP proposed for nonlinear SMB processes,
two test examples are selected: i) quasi-linear isotherm and non-
equilibrium adsorption model (sugar SMB, Beste et al., 2000) and
ii) nonlinear isotherm and nonequilibrium adsorption model (binaph-
thol SMB, Pais et al., 1998). Design, operation, model, and simula-
tion parameters for the three SMB processes are shown in Tables 2
and 4, respectively. To solve the unsteady-state TMB and SMB mod-
els, the conservation element and solution element (CE/SE) method
[Lim et al., 2004; Chang, 2002] is used, which gives an accurate
solution with a low computational time for adsorption chromato-
graphic problems [Lim and Jørgensen, 2004; Lim et al., 2004]. The
computational time required for one simulation of the unsteady-
state TMB or SMB model (about 5.5 roundings where one round-
ing is equal to the total column number) was about 1 and 2 minutes
for the two examples, respectively, on a 1.3 GHz PC. In fact, the
CE/SE method has shown for convection dominated PDE (or PDAE)
systems outstanding performance on accuracy, computational effi-

ciency as well as solution stability [Lim et al., 2004; Motz et al.,
2002].

Note that, in the CE/SE simulation, the CFL number (ν=vL ∆t/
∆z) varies with 0.6≤ν≤0.8 for the two examples, because the num-
ber of mesh points (Nm) per column and the number of time steps
(Nt) during one shifting time (τ) are fixed (see Table 2 and 4) while
the liquid interstitial velocity (vL) is different for each zone. In these
Tables, the maximum CFL number is indicated. Initially, the bed is
filled with an inert solution (CA, 0=CB, 0=0 for all columns) and the
resin is intact (nA, 0=nB, 0=0 for all columns).
1. Quasi-Linear/Nonequilibrium Sugar SMB

The fructose-glucose mixture in an Na2CO3-water dilute solu-
tion is separated by 8-column ion-exchange SMB chromatography
packed with a gel-type strong cation exchange resin (commercial
name: Lewatit® MDS 1368, Ca2+-form, particle i.d.=350µm) sup-
plied by the Bayer AG [Beste et al., 2000]. All of the design, opera-
tion and model parameters in Table 2 are also referred to Beste et
al. [2000]. In this case study, a high concentrated feed composition
(i.e., Cin, A=322 g/l and Cin, B=363 g/l) is chosen and a quasi-linear
adsorption isotherm equation is used (see Table 4). Here A is Glu-
cose and B is Fructose. Each component adsorbs on the resin, form-
ing a complex of sugar and Ca2+ rather than ion-exchanging between
sugar and Ca2+.

The range of the switching time is identified under the linear/
equilibrium adsorption assumption with the aid of given flowrate
ranges and Eq. (24):

10.0 min≤τ≤20.0 min (30)

The simulation time corresponds to 44 shifting time (ttotal=44τ) for
each simulation of the TMB or SMB model. Table3 contains MLOP
optimization results where the results from the SMB model are given

Table 3. Results of the MLOP for the sugar SMB process

Variables[1] Simulation results
Objective functions

[SMB]Qdes Qext Qfeed

Qrec

[SMB]
τ

(min)
PuExt (%)
[SMB]

PuRaf (%)
[SMB]

PrExt

[SMB]
PrRaf

[SMB]
Qmax

[2]

[SMB]

1st level 07.26 06.26 2.19 3.76
[13.18]

12.16 84.0
[84.2]

98.0
[96.6]

33.5
[35.6]

23.1
[24.0]

11.0
[15.9]

Pr=56.6 [59.6][3]

Qdes=7.26
2nd level 13.87 10.77 1.83 3.30

[13.63]
11.09 97.0

[95.9]
97.0

[92.8]
27.92

[28.15]
24.30

[25.23]
17.2

[27.5]
Pr=52.2 [53.4]
Qdes=13.87

3rd level 13.87 07.38 1.19 0.07
[9.89]

11.09 98.9
[97.0]

98.0
[97.0]

17.90
[19.28]

17.63
[16.76]

13.9
[23.8]

Pr=35.5 [36.0]
Qdes=13.87

4th level 09.52 07.38 1.19 2.43
[9.89]

15.35 98.8
[97.7]

99.5
[97.4]

17.40
[19.29]

15.45
[16.76]

11.95
[19.41]

Pr=2.8 [36.0]
Qdes=9.52

3rd level repeated09.52 04.49 1.24 0.05
[6.82]

15.35 99.6
[97.0]

96.1
[97.0]

17.67
[20.06]

18.39
[17.37]

9.57
[16.43]

Pr=36.0 [37.4]
Qdes=9.52

Reference case[4] 06.78 04.88 1.67 2.11
[9.10]

16.39 97.4
[89.8]

95.6
[96.5]

25.1
[24.5]

21.1
[23.0]

8.9
[15.9]

Pr=46.2 [47.5]
Qdes=6.78

Experiment[5] 06.78 04.88 1.67 [9.10] 16.39 [81.6] [92.9] [27.0] [20.2] [15.9] Pr=[47.2]
Qdes=6.78

[1]All flowrates has the units [ml·min−1].
[2]Qmax=Qdes+Qrec.
[3]Productivity has the units [g·hr−1·l−1] based on the total resin volume (VS=(1−εb)LcSNc), see Eq. (3a) for definition.
[4]The reference case is referred to Beste et al. [2000].
[5]The experimental data reported by Beste et al. [2000] are obtained at the middle of the cycle time in the 9.5 roundings (76 shiftings).
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in brackets. For the reference case described in Table 2, its simula-
tion results are also shown and its experimental data are referred to
Beste et al. [2000] in Table 3. The productivity function Eq. (3a) is
employed.

For the reference case by Beste et al. [2000], our simulation re-
sults from the SMB models show a little difference from those of
Beste et al. [2000], e.g., 2-5% both in purity and productivity (see
Table 7 in Beste et al., 2000). Their SMB simulation results are ob-
tained by using the method of lines with an implicit Gear-type time
integrator on 64 mesh points, and concentrations for evaluation of
purity and productivity are not time-averaged over the cycle time
but are measured at the middle of the cycle time. It is worth noting
that the productivity and purity are conflicting each other, because

the productivity is obtained at the minimum allowable purities (see
the 2nd and 3rd levels in Table 3). Thus, the higher the purity con-
straints, the lower the productivity.

Since the adsorption isotherm is quasi-linear, the standing wave
analysis gives good starting points in the initialization level [see
Fig. 2(a)]. Through the TMB optimization constrained by 97% pu-
rity both in extract and in raffinate, all of the five variables are ad-
justed. Fig. 2 compares concentration profiles obtained from the
TMB and SMB model in the first and second levels at the middle
of the cycle (t=2/τ) of the final shifting (Nshift=44). Fig. 3 shows the
difference of concentration profiles between the two models at three
different moments of the cycle time (t=1, 2/τ and τ) in the level 2.
The purity constraints are not satisfied in the SMB simulation (see

Table 4. Operating conditions and simulation parameters for the binaphthol SMB process[1]

Zone I Zone II Zone III Zone IV

Q (ml/min) 56.83 38.85 42.49 35.38
vL (cm/min) 26.77 18.30 20.02 16.67
Dax (cm2/min) 0.00525⋅vL 0.00525⋅vL 0.00525⋅vL 0.00525⋅vL

k (min−1) 6.0 6.0 6.0 6.0
Pe (LcvL/Dax) 2000 2000 2000 2000
St (Lck/vL) 2.35 3.44 3.15 3.78

Column information Length (Lc, cm) ID (cm) Bed voidage (εb) Number of columns Particle voidage (εp)
10.5 2.6 0.4 8 (2-2-2-2) 0.5

Inlet concentration Feed concentration (g/l) Desorbent concentration (g/l)
CA, in=2.9[1] CB, in=2.9[2] CA, in=0 CB, in=0

Adsorption isotherm

K i KA=2.2 KB=3.1

Simulation parameters N. shiftings (Nshift) CFL number (ν) Shifting time (τ, min) N. mesh points (Nm) N. time steps (Nt)
43 0.7 3.0 31 300

Constraints Qmax=60 ml/min PuA
min=97.0% PuB

min=96.0%
[1]All of the design/operation/model parameters are referred to Pais et al. [1998].

nA
*

 = 
2.69CA

1+ 0.0336CA + 0.0466CB

--------------------------------------------------------- + 
0.1CA

1+ CA + 3CB

--------------------------- nB
*

 = 
3.73CB

1+ 0.0336CA + 0.0466CB

--------------------------------------------------------- + 
0.3CB

1+ CA + 3CB

---------------------------

Table 5. Results of the MLOP for the binaphthol SMB process

Variables[1] Simulation results
Objective functions

[SMB]Qdes Qext Qfeed

Qrec

[SMB]
τ

(min)
PuExt (%)
[SMB]

PuRaf (%)
[SMB]

PrExt

[SMB]
PrRaf

[SMB]
Qmax

[2]

[SMB]

1st level 16.38 10.46 1.90 19.38
[26.15]

3.29 64.6
[91.3]

78.4
[90.2]

0.75
[1.05]

0.38
[0.79]

35.76
[42.53]

Pr=1.13 [1.84][3]

Qdes=16.38
2nd level 25.91 19.62 6.76 22.04

[29.46]
3.006 96.0

[97.2]
97.0

[89.4]
3.83

[3.67]
4.00

[4.35]
47.9

[55.3]
Pr=7.83 [8.02]
Qdes=25.9

3rd level 25.91 20.13 5.46 22.34
[29.76]

3.006 92.0
[96.0]

99.1
[97.0]

3.06
[3.33]

3.09
[3.44]

48.2
[55.7]

Pr=6.15 [6.77]
Qdes=25.9

4th level 22.94 20.13 5.46 22.34
[29.76]

3.252 92.4
[96.0]

99.5
[97.3]

3.09
[3.33]

3.09
[3.44]

45.2
[52.7]

Pr=6.18 [6.77]
Qdes=22.9

Reference case[4] 21.45 17.98 3.64 27.95
[35.38]

3.0 96.5
[93.7]

99.2
[96.5]

1.96
[2.1]

1.99
[2.14]

49.4
[56.7]

Pr=3.95 [4.24]
Qdes=21.45

[1]All flowrates has the units [l ·min−1].
[2]Qmax=Qdes+Qrec.
[3]Productivity has the units [g·hr−1·l−1] based on the total resin volume (VS=(1−εb)LcSNc), see Eq. (3a) for definition.
[4]The reference case is referred to Pais et al. [1998].
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Fig. 2. Comparison of simulation results between the TMB (thin lines) and SMB (bold lines) models in the level 1 (initialization) and the
level 2 (TMB optimization) at the middle of the cycle time (t=τ/2) in the final shifting (Nshift=44).

Fig. 3. Comparison of simulation results between the TMB (thin lines) and SMB (bold lines) models in the level 2 (TMB optimization) at
three different moments of the cycle time in the final shifting (Nshift=44).
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the 2nd level in Table 3) because of cyclic behavior. It is clear in Fig.
3 that the SMB process can be modeled by the TMB approach, but
the cyclic behavior can be predicted only by the SMB approach.

In the third level, the purity constraints are satisfied, reducing
the extract, feed and recycle flowrates, but the productivity is much
reduced because of a conflicting action between purity and pro-
ductivity, as mentioned above. In level 4, the desorbent flowrate is
decreased up to 31% (13.87ç9.52), increasing the cycle time by
38% (11.09ç15.35). Purities are slightly increased. Fig. 4 shows
concentration profiles along columns obtained from the TMB and
SMB models in the four levels such as initialization [Fig.4(a)], TMB
optimization [Fig.4(b)], SMB optimizations [Fig.4(c) and (d)]. Here,
the profiles are captured at the middle of the cycle in the final shift-
ing (Nshift=44).

Since the 10% tolerance of the cycle time is exceeded, level 3 is
repeated with the following formulation:

(31)

In the third level repeated, the extract and recycle flowrates are fur-
ther reduced but the feed and raffinate flowrates increase. Since the
productivity is slightly increased by 4% (36.0ç37.4), the MLOP

is terminated.
Fig. 5 compares the cyclic behavior of the concentrations obtained

from the SMB model in level 2, level 3 repeated and in the refer-
ence case. Even though the reference case shows the most devel-
oped concentration profiles, the purity constrains are not satisfied
both in extract and in raffinate. The final solution (dashed lines for
level 3 repeated) from the MLOP shows a lower desorbent con-
sumption within satisfactory purities than that obtained from level 2.

Fig. 6 depicts transient time-averaged concentration profiles ob-
tained from the SMB and TMB models in level 3 repeated. The
profiles approach toward a quasi-steady state, as the number of shift-
ings increases. It is found that there is about 10% difference of the
absolute value of the concentrations between the TMB and SMB
models.
2. Nonlinear/Nonequilibrium Binaphthol SMB

The chromatographic resolution of binaphthol enantiomers was
considered for simulation purposes in Pais et al. [1998]. The chiral
stationary phase used in this process is 3,5-dinitrobenzoyl phenylg-
lycine bonded to silica gel, and a mixture of 72/28 (v/v) heptane/
isopropanol is used as desorbent. Since the limit of solubility in this
desorbent is 3g/l of each enantiomer, the feed composition is deter-
mined under a solubility limitation (see Table 4). In Table 4, param-
eters related to simulation are reported on the basis of the work of
Pais et al. [1998]. For adsorption isotherms, a bi-Langmuir type is
shown and the equilibrium constants (KA and KB) are approximated
for the initialization level in the MLOP. The range of the switching
time is obtained under the linear/equilibrium adsorption assump-

Pr
 X1  
limMax

s.t. Pu( )ext 0.97≥
Pu( )raf 0.97≥
Qrec + Qdes( ) 30.0≤
Pr( )ext 19.29≥
Pr( )raf 16.76≥

Fig. 4. Comparison of simulation results between the TMB (thin lines) and SMB (bold lines) models in the levels 1 (initialization), 2 (TMB
optimization), 3 and 4 (SMB optimization) at the middle of the cycle in the final shifting (Nshift=44).
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tion with the aide of Eq. (24) and flowrate ranges:

1.6 min≤τ≤4.0 min (32)

The simulation time corresponds to 43 shifting times (ttotal=43τ) for
each simulation of the TMB or SMB model.

Table 5 summarizes simulation results at each level for the TMB
and SMB models, where the results from the SMB model are also
given in brackets. The productivity function Eq. (3a) is employed.
For the reference case by Pais et al. [1998], our simulation results

from the TMB and SMB models have good agreement with those
of Pais et al. [1998]. However, slight differences between our and
their results are seen, since they used a finite element collocation
technique to solve the TMB and SMB models [Pais et al., 2000]
on a different number of mesh points. Notice that the productivity
and purity are conflicting with each other in this case too, because
the productivity is obtained at the minimum allowable purities (see
the 3rd level in Table 5).

Initialization points based on the standing wave analysis for the

Fig. 5. Comparison of SMB simulation results for the level 2 (solid lines), level 3 repeated (dashed lines) and the reference case (points) at
three different moments of the cycle time (Nshift=44).

Fig. 6. Transient of average concentrations obtained from the SMB and TMB models during 44 shiftings (or 5.5 roundings) in level 3
repeated.
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Fig. 7. Comparison of simulation results between the TMB (thin lines) and SMB (bold lines) models in the level 1 (initialization) and the
level 2 (TMB optimization) at the middle of the cycle time (t=τ/2).

Fig. 8. Comparison of simulation results between the TMB (thin lines) and SMB (bold lines) models in the level 2 (TMB optimization)
at three different moments of the cycle time (Nshift=43).
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four flowrates give a set of good starting points, but they are some-
what far from optimum points. Since this example is more nonlin-
ear than the previous example, the standing wave analysis based
on linear isotherms produces insufficient purities both in extract
and in raffinate [see Table 5 and Fig. 7(a)].

The TMB optimization problem Eq. (27) is constrained in this
case:

0.96≤Puext (33a)
0.97≤Puraf (33b)
5≤(Qdes+Qrec)≤60 (33c)

For level 1 and level 2, Fig. 7 compares concentration profiles of
the TMB and SMB models at the middle of the cycle time after 43
shifting times. It is shown that the TMB model is in good agree-
ment with the SMB model. However, a difference of purity between
the two models is not neglectful in the raffinate solution, as reported
in Table 5, which comes from the fact that the cyclic behavior in
the SMB operation is not taken into account in the TMB model.
The purity deviation of the SMB model from the TMB model is
much larger than the previous example (i.e., sugar SMB with the
quasi-linear adsorption isotherm).

Fig. 8 shows concentration distributions over columns for the
two models at the optimum points obtained from the second level
(or TMB optimization level). The TMB model (thin lines) pro-
duces almost same profiles at the three different time levels (i.e.,
t=0, τ/2 and τ), as the solid phase moves at the constant velocity.
In the SMB model simulation (bold lines), concentration profiles
show cyclic behaviors due to the cyclic switching and purity is worse

and worse in the raffinate (z=6) as time passes within the cycle time.
In fact, the TMB model predicts well only at the middle of the cycle
time in the SMB model. To characterize the cyclic behaviors in the
SMB operation, the SMB model is useful, as mentioned by Pais et
al. [1998].

In the third level, adjusting the three flowrates (extract, feed and
recycle), the purity constraints are satisfied and the productivity ob-
jective function is maximized. In this SMB model optimization,
Eq. (28), purity of the raffinate (Puraf) is improved at the cost of lower
productivity, resulting in decrease of the raffinate flowrate (see Table
5).

In level 4, the SMB optimization problem, Eq. (29a), is con-
strained:

3.33≤Prext (34a)
3.44≤Prraf (34b)
0.96≤Puext (34c)
0.97≤Puraf (34d)
5≤(Qdes+Qrec)≤60 (34e)

The productivity constraints, Eq. (34a) and (34b), are added into
Eq. (33), of which minimum values are obtained from level 3. Sat-
isfying all the constraints, Eq. (34), desorbent consumption is reduced
by 11% (25.9ç22.9) increasing the cycle time by 8% (3.006ç
3.252). The desorbent flowrate decreases and the raffinate flowrate
thus decreases by the same amount of the desorbent reduction. In
order that the productivity [see Eq. (3a)] remains same as that of
the level 3 (see Table 5), the purity in raffinate is increased (97.0ç

97.3), adjusting the cycle time (3.006ç3.252). No iteration is per-

Fig. 9. Comparison of SMB simulation results for the level 2 (solid lines), level 3 (dashed lines), level 4 (dash-dotted lines) and the reference
case (points) at three different moments of the cycle time (Nshift=43).
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formed between level 3 and 4, as the variation ratio of the cycle
time is less than 10%.

In Fig. 9, the reference solution [Pais et al., 1998] with the operat-
ing conditions in Table 4 is compared with the MLOP results on
the basis of the SMB model simulation. All concentration profiles
along the columns from the level 2-4 are developed and controlled
better than those of the reference solution. All productivities in the
level 2-4 are superior to that of the reference solution, which results
from increasing feed, extract and raffinate flowrates. Desorbent con-
sumption in level 4 is not so much increased, i.e., Qdes=21.45ç
22.9, in comparison with the reference solution, due to the increased
cycle time.

In Fig.10, concentration progress in extract and raffinate is shown
for simulation results from the SMB and TMB models in level 4.
About 10% difference between the TMB and SMB models is seen
in the absolute value of the final concentrations.

CONCLUSION

The multi-level optimization procedure (MLOP) is proposed for
model-based optimization to supplement or, in some cases, replace
experiments in the nonlinear SMB processes. The MLOP includ-
ing four levels approaches systematically from initialization to opti-
mization and from simple models (e.g., linear, equilibrium and TMB
models) to complex models (e.g., nonlinear, nonequilibrium and
SMB models). Through the decomposed optimization, the desor-
bent consumption is minimized within a satisfactory productivity
rather than a compromise between the two objective functions (i.e.,
productivity and desorbent consumption).

To illustrate potential applications of the procedure, two SMB
processes are optimized for higher productivity and lower desor-
bent consumption in terms of the four flowrates and the cycle time.
The SMB operation can be predicted by the TMB model. How-
ever, the SMB model is useful to characterize its cyclic behaviors
and to simulate more realistically. Similarity and difference between
the two models are well shown in these case studies.

For the two cases, this procedure results in improved solutions
in terms of productivity and desorbent consumption, compared to
reference solutions. It is found from the two case studies that dis-

crepancy between the TMB and SMB models increases, as non-
linearity of the system considered increases.

To reduce the computational load, optimization based on a steady-
state TMB model in the second level will be considered in future
work.
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NOMENCLATURE

a : optimization constraint set
A : fast-moving component
B : slow-moving component
CE/SE : conservation element/solution element
Cfeed : feed composition [g/l on liquid volume basis]
Ci : concentration in fluid phase [g/l on liquid volume basis]
Ci : average liquid concentration over the switching time [g/l

on liquid volume basis]
Ci, 0 : initial concentration of fluid [g/l on liquid volume basis]
Ci, in : inlet concentration of fluid at z=0 [g/l on liquid volume basis]
Ci, out : outlet concentration of fluid at z=Lc [g/l on liquid volume

basis]
CT, feed: total concentration in feed [g/l on liquid volume basis]
Dax : axial dispersion coefficient [m2/min]
k : overall adsorption rate coefficient [1/min]
K i : equilibrium constant
Lc : column length [m]
LDF : linear driving force
Nc : number of columns
ni, 0 : initial concentration of solid [g/l on particle volume basis]
ni : concentration in resin or solid phase [g/l on particle volume

basis]

Fig. 10. Transient of average concentrations obtained from the SMB and TMB models during 43 shiftings in level 4.
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ni
* : equilibrium concentration in resin or solid phase [g/l on

particle volume basis]
Nm : number of mesh points per column
Nt : number of time steps per switching time
Nshift : number of shiftings (or switching)
nT : resin capacity [g/l on particle volume basis]
Nt : number of time steps per cycle time
Pe : Peclet number [=vLLc/Dax]
Pr : total productivity [g/hr/l]
Prext : productivity in extract [g/hr/l]

: maximum productivity in extract [g/hr/l]
Prraf : productivity in raffinate [g/hr/l]

: maximum productivity in raffinate [g/hr/l]
Puext : purity in extract

: allowable minimum purity in extract
Puraf : purity in raffinate

: allowable minimum purity in raffinate
QI : flowrate in the zone I [ml/min]
QII : flowrate in the zone II [ml/min]
QIII : flowrate in the zone III [ml/min]
QIV : flowrate in the zone IV [ml/min]
Qdes : desorbent flowrate [ml/min]
Qext : extract flowrate [ml/min]
Qfeed : feed flowrate [ml/min]
Qin : inlet flowrate to column [ml/min]
Qmax : maximum flowrate of zone I [ml/min]
Qout : outlet flowrate from column [ml/min]
Qraf : raffinate flowrate [ml/min]
Qrec : recycle flowrate [ml/min]
S : cross-section area of column [cm2]
SMB : simulated moving bed
St : Stanton number [=kLc/vL]
SQP : successive quadratic programming
t : time [min]
TMB : true moving bed
uI : interstitial fluid velocity in zone I [cm/min]
uII : interstitial fluid velocity in zone II [cm/min]
uIII : interstitial fluid velocity in zone III [cm/min]
uIV : interstitial fluid velocity in zone IV [cm/min]
Vc : solid volume of one column [cm3]
vL : interstitial fluid velocity [cm/min]
vS : solid velocity [cm/min]
VS : total solid volume for all columns [cm3]
X : optimization variable set
X1 : optimization variable set for SMB optimization of pro-

ductivity
X2 : optimization variable set for SMB optimization of de-

sorbent optimization
z : axial direction of column [cm]

Greek Letters
γfeed : feed concentration ratio of B to A component
ε : cycle time tolerance
εb : interstitial bed voidage
εp : pore voidage
λ : logical variable set for port switching
φ : phase ratio [=(1−εb)/εb]

ν : CFL number [=vL ∆t/∆z]
τ : cycle time or shifting time [min]
τA : time for fast-moving component A to reach one column

length [min]
τB : time for slow-moving component B to reach one column

length [min]
ξ : relaxation factor of productivity
∆p : pressure drop in columns [=Pa]
∆t : uniform time step size [=min]
∆z : uniform spatial step size [=cm]
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